We study electronic phase competition in a system of three coupled spinless Luttinger liquids using an abelian bosonization approach. Considering generic density-density type four-fermion interactions, we perform a renormalization group (RG) analysis around a Tomonaga-Luttinger liquid fixed point, for both the coupling strengths as well as the scaling dimensions of the interactions. Even at the one-loop level in perturbative RG, off-diagonal contributions are generated in the phase stiffness matrix, which require both rescaling as well as large rotations, the latter of which has, for the most part, been disregarded in the literature. These rotations are, in general, non-abelian in nature, and couple the different interaction channels even at the leading order in the coupling constants. We study competing phases and the critical behavior of this system. We find that as a consequence of the rotations involved in the RG procedure, the nature of the electronic phases and phase transitions in this system are in general sensitive to the relative strengths of the interactions as well as the Luttinger liquid parameters. This feature is in sharp contrast to, say, the corresponding behavior for single-phase and two-phase sine-Gordon models, where such rotations are absent. We discuss experimental systems where our findings can be relevant.
I. INTRODUCTION
The problem of coupled one-dimensional systems of interacting fermions has received considerable attention in the literature, appearing in diverse contexts. These have been used as building blocks for studying higher-dimensional systems, such as cuprate hightemperature superconductors, 1-10 due to the availability of controlled nonperturbative methods and numerical techniques for analyzing them. Such a situation may also arise in many naturally occuring compounds, such as carbon nanotubes, 11, 12 low-dimensional organic conductors, 13 spin ladders, [14] [15] [16] [17] [18] [19] [20] [21] quasi-1D superconductors (such as K 2 Cr 3 As 3 22 ), Mott insulating magnets, 23 as well as artificially manufactured structures (such as self-assembled transition metal nanowires 24 ). Bosonization has been the natural tool for studying the low-energy properties of such systems. Many of these studies have involved two-leg ladder systems [2] [3] [4] [5] [6] [7] [8] [9] [16] [17] [18] [19] [20] [21] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] and the number of comparable studies on systems of three coupled Luttinger liquids have been limited. The case of three spinless Luttinger liquids is especially interesting since these arise in the context of multipocket systems (such as bismuth [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] and graphite intercalates 54, 55 ) in the presence of strong magnetic fields in the quantum limit, and may give rise to chiral superconductivity 56 and density wave orders, which are not possible in the case of two coupled Luttinger liquid systems.
The common prescription for studying all these systems involves setting up scaling equations for the stiffness matrix K in the quadratic part of the bosonized Hamiltonian (a sine-Gordon model), and the coupling constants in the sine-Gordon terms. One peculiarity of coupled Luttinger liquid systems that distinguishes them from single-phase Luttinger liquids is the fact that the renormalization process, even if performed to one-loop order, introduces corrections to all the matrix elements of K in general, which must be taken into account in any renormalization group analysis. Unlike the diagonal corrections to the K−matrix, the off-diagonal corrections result in an interplay of the different interaction channels, even when the scaling of the coupling constants is considered only up to the leading tree-level order. Instead of solving the scaling equations for all the independent elements of K−matrix, a considerably simpler strategy is to separate the effects of these corrections into two groups: large rotations of the K−matrix and small renormalizations of the eigenvalues of K. Of these two, only the latter affects the scaling dimensions of the interactions. In contrast, for the case of two identical spinless coupled Luttinger liquids, the problem decouples into two disconnected problems, respectively involving symmetric and antisymmetric combinations of the valley fields. Generically, in the absence of interaction between these channels, the renormalization procedure does not generate offdiagonal corrections to the stiffness matrix. On the other hand, in the spinful case, generic interactions lead to the appearance of off-diagonal corrections to K during the scaling procedure, a point which was first noted in Ref. 5 . However, the simplest situation where such nontrivial rotations arise is the case of three coupled spinless Luttinger liquids. In the literature, there have been studies of three coupled spinful Luttinger liquid systems, which suffer from the shortcoming that the aforementioned rotations are not accounted for 22 . Motivated thus, in this paper, we perform a one-loop RG analysis for three coupled spinless Luttinger liquid systems by taking into account both the rotations of the K−matrices and the rescaling of their eigenvalues. From the solutions of the scaling equations, we identify the most singular susceptibilities, corresponding to different order parameters, which in turn determines the phase diagram. Also, from a numerical study of the RG equations, we obtain the critical behavior near the phase transition points.
Our main findings are as follows. We find that the fixed point behavior is dependent both on the relative initial values of the coupling constants and the Luttinger liquid parameter, which is a qualitatively different situation from, say, single-phase and two-phase sine-Gordon models, where the fixed-point behavior is completely independent of the initial conditions on the interactions. This is a direct consequence of the rotations of the stiffness matrices introduced in our approach, and, as we shall demonstrate, the fact that the coefficients of different fields in the sine-Gordon interaction terms scale differently under the renormalization group. Depending upon the relative initial values of the couplings and the Luttinger parameters, we identify the different instabilities in the particle-particle and particle-hole channels and the nature of their transitions across phase boundaries. Further, we obtain the conditions under which valley symmetry breaking and intervalley orders may appear in both these channels. The possibility of chiral orders is also discussed in this context.
Our calculations may prove useful for understanding phase transitions and critical phenomena in the context of systems with multiple small Fermi pockets (like graphite intercalates 54, 55 and bismuth [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] ) subject to quantizing magnetic fields, and cylindrical nanotubes at high fields. Our analysis is applicable for the study of competing phases in three coupled 1D systems where the instability occurs at energy scales much smaller than the chemical potential. However, in situations where the instabilities appear at higher energy scales, other approaches such as the parquet renormalization group approach 57-59 will be relevant.
The rest of the paper is organized as follows. Sec-II introduces the fermionic Hamiltonian with most generic interactions, describes the bosonization procedure and presents the final bosonized Hamiltonian. Sec-III describes the renormalization group procedure used in our analysis, which takes into account both the renormalizations of the eigenvalues of K as well as the large rotations of the K−matrices. In Sec-IV, we determine possible instabilities of order parameters corresponding to fermionic bilinears by introducing test vertices corresponding to these order parameter fields, and studying their evolution under the renormalization group. We then discuss the phase diagram for the systems as a function of the Luttinger liquid parameters and the initial values of the interactions. Finally, Sec-V presents a discussion of our results, conclusions and future directions.
II. INTERACTING MODEL AND BOSONIZATION
We consider generic density-density type of interactions, and expand the three spinless fermionic fields in the vicinity of the two Fermi points. We are interested in situations that physically correspond to partially filled bands, so that Umklapp scattering between the two Fermi points for a given band is not relevant. However, since we would like our model to be relevant for systems with multiple nested Fermi pockets with a nesting vector half a reciprocal lattice vector (such as in case of bismuth), we do allow the possibility of two-particle Umklapp scattering between pockets, such that the total momentum transferred corresponds to a reciprocal lattice vector. With these assumptions, the interaction part of the Hamilto-nian has the following form,
where p = 1(−1) refers to right (left) moving fermions, and m = 0, 1, −1 denotes the bands and m = m. The three bands are regarded as identical, for simplicity. The above model is C 3 symmetric under permutation of bands. To study the low-energy behavior, we shall utilize the standard bosonization technique to analyze the continuum fermion model. We now bosonize the fermionic model using the abelian bosonization prescription,
where k F m is the Fermi momentum for band m, a is a cutoff of the order of the lattice constant, and p = 1(−1) stands for the R(L) branch. We assume the Fermi momenta k F m for the three bands to be identical. The
We adopt the following convention for the Klein factors, following Ref. 22 ,
where p, m = ±1. The chiral fields ϕ pm can be written in terms of nonchiral fields φ m and θ m as ϕ pm = φ m − pθ m , and their gradients are proportional to the fermionic density and current operators, respectively, i.e.,
We collect all quadratic bosonic terms together, which we henceforth call the "noninteracting" part. The rest consist of sine-Gordon terms (see below) that we denote as interactions. We diagonalize the quadratic part of the Hamiltonian by transforming to new bosonic fields φ given by 
and likewise for the fields θ i . The "noninteracting" part of the Hamiltonian can be written as
where µ = 0, 1, −1. Note our convention for K µ differs from the one commonly used in the literature, where K −1 µ takes the place of K µ . We have, for the bare couplings,
4 . Note that the twofold degeneracy of the eigenvalues of the stiffness matrix K is a consequence of the C 3 rotational symmetry of the quadratic part of the Hamiltonian. Following the strategy of Ref. 6 , we study the scaling of the quantities
We now define new rescaled fields ψ 0,±1 = K φ 0,⊥ φ 0,±1 and ϕ 0,±1 = K θ 0,⊥ θ 0,±1 . Such a rescaling makes the stiffness matrix proportional to the identity matrix. During the RG process, small diagonal and off-diagonal corrections are introduced to the stiffness matrix, and it has a real symmetric form that we denote by Z µν . After bosonization, the interacting part of the Hamiltonian has the form of coupled sine-Gordon terms
where α = 1 − 3, 7 − 9 and β = 4 − 6, and the coefficients, where the effective couplings g α (α = 1 − 8) are linear combinations of the couplings g (j)
i . Note that we allow the possibility of the coupling constants in the sine-Gordon model to break the C 3 permutation symmetry in the following analysis. The same can also be done in the quadratic part. However, introducing C 3 symmetry breaking in any of these sine-Gordon channels ultimately results in lifting of C 3 symmetry in the quadratic part, as we shall see, and so there is no loss of generality. During the RG procedure, the vectors a and A, in general, rotate and stretch. We find that the scaling dimensions for the interaction terms in Eq. 5 depend on the values of the Luttinger parameters K φ,θ 0 and K φ,θ ⊥ , and in our analysis, we only retain the most relevant interaction terms (smallest scaling dimensions). This further reduces the number of parameters we need to consider in our model.
III. RENORMALIZATION-GROUP ANALYSIS
The renormalization group follows the standard Wilsonian procedure of elimination of fast degrees of freedom, restoration of the cutoff, rescaling of the couplings and the renormalization of the fields. This makes the stiffness matrices differ from unity due to off-diagonal corrections, i.e. they take the form Z µν . To keep the Gaussian fixed point unchanged, we need to rotate the Z θ,φ µν matrices to diagonalize them and then rescale the fields such that they become proportional to identity matrices. Note that the above rotation does not change the scaling dimensions of the interaction terms. Now, in the new basis obtained after rotation and rescaling of the fields, we can once again compute the one-loop corrections and the resulting changes in the diagonal and off-diagonal elements, and repeat the aforementioned steps throughout the RG process. An equivalent procedure has been followed in Ref. 6 , where, instead of keeping the Gaussian fixed point unchanged, the fields are kept unchanged and the renormalization process leads to rotations and stretching of eigenvalues of the Z θ,φ µν matrices. At this point, the number of parameters in the model is still large, and we simplify our analysis by considering the anisotropic limits
which allows us to drop certain terms in the interacting Hamiltonian in Eq. 5 with higher scaling dimensions. However, we emphasize that the formulation may be readily extended to the general case. Below we discuss the results obtained by incorpo-rating one-loop corrections to the matrices Z φ µν and Z θ µν in the two aforementioned parameter regimes. At any given stage of the RG, the matrix Z φ µν , with the one-loop corrections incorporated, is given by
Note that the above matrix is block-diagonal -a consequence of the nature of the interaction terms and/or approximations employed in the parameter regimes considered in our analysis. While the corrections accumulated are infinitesimal, the rotations involved in restoring the matrices with off-diagonal contributions are finite rotations which cannot be accounted for in the RG flow equations. In our approach, we are always in the rotating frame, where these large rotations are absent, and only small incremental changes to the components along the field directions need to be tracked. These amount to slow changes in the orientation and length, in the rotating frame, upon scaling. In the limit where K φ 0 ≪ K φ ⊥ , we find that we only need to retain the couplings g α (α = 1 − 3), based on their lower scaling dimensions. In this case, we calculate one-loop corrections to the Z φ matrices due to the terms g 1 , g 2 and g 3 in the interaction Hamiltonian, and likewise, to the Z θ matrices due to the terms g 4 , g 5 and g 6 . The corresponding matrix turns out to be block-diagonal due to the symmetry of the interaction terms in this regime. On the other hand, in the limit where K φ ⊥ ≪ K φ 0 , only the couplings g α (α = 7 − 9) need to be retained for our analysis. Here we obtain one-loop corrections to the Z φ matrices arising from the couplings g 7 , g 8 and g 9 , and, once again, to the Z θ matrices due to the terms g 4 , g 5 and g 6 . In this case, the matrix Z φ is generally a dense matrix which comprises nonzero corrections to every matrix element. However, implementing the limit K φ ⊥ ≪ K φ 0 , we can drop certain terms and it reduces to a block-diagonal form similar to Eq. 6 above with α = 7 − 9.
We denote the eigenvalues of the matrices in the Eq. 6 above by z 1 , z −1 and z 0 . We diagonalize the stiffness matrix and rescale the fields using these eigenvalues. At any given stage of the RG flow, the coefficients of the cosine terms in the interaction Hamiltonian evolve in the manner a
where R is the rotation which diagonalizes the matrix Z µν . We continue to denote the interaction terms as g α cos[ a 
where z 1 = √ 1 + 2α 1 dy and z −1 = 1 + 2α −1 dy. The RG flow equations for the rest of the components a (α) i are similarly obtained. The tree-level contributions to the RG flows for the couplings g α may be obtained in terms of their respective scaling dimensions. In our analysis, we do not calculate the one-loop corrections to the renormalization of the coupling constants g α , as they are a higher order contribution in the small coupling constants. 60 As an illustrative example, the RG equations for the couplings g α , α = 1 − 3 are given by
Similar arguments are used to determine the RG equations for the rest of the couplings g α (α = 4 − 9). We solve these coupled differential equations numerically and obtain the fixed-point values for the couplings g α and the coefficients a (α) i . We consider weak repulsive interactions in every channel, and study the nature of the RG flows as a function of the initial conditions on the interactions and the value of the Luttinger liquid parameter K φ,θ ⊥ . In general, we find that the couplings g α either diverge or flow to zero in the course of the RG flow. From Eq. 7 above, it is clear that the coefficients a always flows to zero in the course of the RG procedure, a (α) −1 may increase or decrease, depending upon the initial conditions considered for the interactions. In other words, the coefficients of the different fields rescale differently in the course of the RG flow, following the rotation of the stiffness matrix, and this enables the results to be sensitive to the initial conditions on the interactions.
IV. PHASE DIAGRAM AND CRITICAL BEHAVIOR
The order parameters considered in our analysis are fermionic bilinear operators characterized by chirality and band indices. There are two classes of order parameters in our system. These are defined in the particle-hole channels where we follow the convention used by Ref. 22 ,
where λ i (i = 1...8) correspond to the Gell-Mann matrices (see Appendix-B for details), λ 0 denotes the 3x3 unit Figure 3 . The figure shows the schematic phase diagram of a system of three coupled spinless Luttinger liquids for small initial values of the couplings gα, for the parameter regimes (a) K φ ⊥ ≫ K φ 0 , where only particle-particle (p-p) orders are considered due to the smaller scaling dimensions for the corresponding terms, and (b) K φ 0 ≫ K φ ⊥ , where only particle-hole (p-h) orders are considered in our analysis. In both cases, for values of K φ ⊥ ∼ 1, various interband and intraband orders compete with one another, with the winner being determined by the initial conditions on the interactions. matrix, ψ pm (ψ † pm ) is the electron annihilation (creation) operator with chirality p and band m, and in the particleparticle channels,
where, in both the Eqs. 9 and 10, no spin indices are considered due to the spinless nature of the fermions. Note that all the familiar ordered states arise from scattering or pairing in opposite chiralities, which are physically relevant, and equal-chirality terms are ignored, as such terms have higher scaling dimensions. The order parameters in Eqs. 9 and 10 above are now expressed in terms of the bosonic fields. A total of sixteen order parameters are obtained in the particle-hole and particle-particle channels for the spinless case (see Appendix-B). We analyze the renormalization group flows of all the order parameters, to find the most dominant orders in a given parameter regime. These are listed in Appendix-B. In order to determine the winning order parameters, we consider the behavior of the couplings g α and the corresponding rotation parameters a (α) i near the critical point for a given set of initial conditions and find that both quantities play a crucial role in deciding the nature of the dominant electronic orders. We find that for K φ 0 ≫ K φ ⊥ , the particlehole orders are more relevant in the RG sense, due to smaller scaling dimensions of the corresponding terms, whereas for K φ ⊥ ≫ K φ 0 , the particle-particle orders are found to be more relevant.
Using a numerical scaling analysis, we have studied the nature of the phase transitions in this system, and find that the phase diagram is affected primarily by two factors: the magnitude of the Luttinger liquid parameter K φ ⊥ and the set of initial conditions considered for the interactions g α . The scaling of the correlation length ξ at the critical point is determined by identifying the characteristic scale y where the couplings g α (y) cross a designated value 1. We obtain continuous transitions as a function of K φ ⊥ , which belong to the Berezinskii-Kosterlitz-Thouless (BKT) universality class. To confirm this, we have demonstrated universal BKT scaling collapse for the behavior of the correlation length close to the critical point (see Fig. 2 ). Note that the critical value K c of the Luttinger parameter K φ ⊥ is different for different initial conditions on the couplings g α , as shown in Fig. 2 , but give rise to the same critical behavior.
Below we discuss the salient features of the phase diagram, considering various parameter regimes for K φ ⊥ , each of which correspond to two further regimes,
in our model, it does not constitute an independent parameter in the phase diagram. K φ ⊥ ≪ 1: In this regime, the fixed-point behavior of the RG flows corresponds to g φ → 0, g θ → ∞. For K φ 0 ≪ K φ ⊥ , the intraband particle-particle orders are found to be dominant in this regime, whereas if K φ 0 ≫ K φ ⊥ , initially no electronic orders are present for extremely small values of K φ ⊥ , and a particular pair of interband particlehole orders dominates for larger values of K φ ⊥ , depending upon the initial conditions being considered for the interactions.
K φ ⊥ ∼ 1: In the regime K φ ⊥ ∼ 1, in both the regimes K φ 0 ≪ K φ ⊥ and K φ 0 ≫ K φ ⊥ , various intraband and interband particle-particle and particle-hole orders compete with each other, and the winners are dependent most sensitively on the initial conditions chosen for the interactions in this part of the phase diagram.
K φ ⊥ ≫ 1:
In this regime, the fixed-point behavior of the RG flows corresponds to g θ → 0, g φ → ∞. For K φ 0 ≪ K φ ⊥ , a particular pair of interband particle-particle orders is found to be dominant in this regime, depending upon the initial conditions chosen for the interactions, and no order is present at extremely large values of K φ ⊥ , whereas if K φ 0 ≫ K φ ⊥ , then intraband particle-hole orders are found to dominate. The various electronic orders found to occur in different parameter regimes are schematically shown in Fig. 3 .
V. DISCUSSION AND CONCLUSIONS
In summary, we have studied competing electronic phases and phase transitions in a system of three coupled spinless Luttinger liquids using a renormalization group analysis of the bosonized interactions, that takes into account one-loop corrections to the stiffness matrix, generating off-diagonal contributions. In order to keep the Gaussian fixed point unchanged, we introduce a series of rotations and then rescale the fields at each step of the RG flow, or equivalently, the coefficients of different fields in the sine-Gordon interaction terms. These rotations and rescalings are found to be dependent on all the couplings as well as coefficients of all the fields, and couple different interaction channels even at the tree-level order. Moreover, we find that the coefficients of different fields in a given interaction term rescale differently, due to which the results of the RG flows are sensitive to the initial values of the interaction couplings g α , a feature absent in single-phase and two-phase sine-Gordon models. We also study the response to fluctuations to the order parameters in the particle-particle and particle-hole channels using the renormalization group, to determine the most dominant electronic orders. We find that the overall nature of the winning orders in different parameter regimes is governed by the RG flow equations for the couplings as well as the coefficients of the fields in the sine-Gordon terms. In particular, for extreme values of the Luttinger liquid parameter K φ ⊥ , interband and intraband orders which involve one of the three bands, or a particular pair of bands, are found to dominate, depending upon the initial conditions for the couplings, which leads to valley symmetry breaking. The interband orders realized may be chiral. In the regime where K φ ⊥ ∼ 1, the dominant orders are found to be strongly sensitive to the initial values of the interaction couplings. We determine the nature of the phase transitions as a function of the Luttinger parameter K φ ⊥ as well as the initial conditions on the interactions g α using a numerical scaling analysis, and obtain continuous transitions belonging to the BKT universality class. While the critical value of K φ ⊥ is different for different initial values of the couplings, the nature of the phase transitions is found to be independent of this. We expect our analysis to be applicable to systems with three Fermi pockets, such as bismuth and graphite intercalation compounds, in the presence of a large magnetic field, where each of the electron pockets effectively behaves like a one-dimensional system. A detailed analysis of actual material systems will be taken up in a forthcoming work.
In the present work, we have not studied the case where K φ 0 ∼ K φ ⊥ , with the rotations being in general O(3) matrices. The rotation matrices in that case are non-abelian and it would interesting to see if this gives qualitatively new insights into the problem. In this regime, we also have the possibility of an additional Ising-type symmetry breaking due to the symmetry between the θ and φ fields when K φ ⊥ = K φ 0 = 1, which is beyond the scope of the analysis shown in this paper. It would be interesting to study the implications of our approach for the spinful three-band case, and compare our results with Ref. 22 , where the rotations of the matrices Z µν were not taken into account in the RG analysis. We would also like to consider the case of special fillings where intraband Umklapp scattering terms are possible. At first sight, these terms have higher scaling dimensions than the interactions considered by us, and so, at the tree level, they are not relevant. However, more work needs to be done to see the effect they have on the conclusions of this work.
In our analysis, the fermionic bilinears for the order parameters are expressed in terms of Gell-Mann matrices, which are a set of eight linearly independent 3×3 traceless Hermitian matrices, given by- The RG equations for the above order parameters are given as follows- i , α = 7 − 9. Note that we have studied the RG flow equations for each of the terms ∆ i0 pp/ph (i = 1 − 3), in the order parameters O 30 ph/pp and O 80 ph/pp defined in Eq.A1 separately. The scaling dimensions of these terms cannot be expressed in terms of those of the interaction couplings considered in our analysis.
